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Abstract The post-Newtonian approximation for general relativity is widely adopted by the
geodesy and astronomy communities. It has been successfully exploited for the inclusion of
relativistic effects in practically all geodetic applications and techniques such as satellite/lunar
laser ranging and very long baseline interferometry. Presently, the levels of accuracy required
in geodetic techniques require that reference frames, planetary and satellite orbits and signal
propagation be treated within the post-Newtonian regime. For arbitrary scalar W and vector
gravitational potentials W/ (j = 1, 2, 3), we present a novel derivation of the energy associ-
ated with a test particle in the post-Newtonian regime. The integral so obtained appears not
to have been given previously in the literature and is deduced through algebraic manipulation
on seeking a Jacobi-like integral associated with the standard post-Newtonian equations of
motion. The new integral is independently verified through a variational formulation using
the post-Newtonian metric components and is subsequently verified by numerical integration
of the post-Newtonian equations of motion.
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Abstract The first post-Newtonian approximation of gen-
eral relativity is used to account for the motion of solar
system bodies and near-Earth objects which are slow mov-
ing and produce weak gravitational fields. The n-body rel-
ativistic equations of motion are given by the Einstein-
Infeld-Hoffmann equations. For n = 2, we investigate the
associated dynamics of two-body systems in the first post-
Newtonian approximation. By direct integration of the asso-
ciated planar equations of motion, we deduce a new expres-
sion that characterises the orbit of test particles in the first
post-Newtonian regime generalising the well-known Binet
equation for Newtonian mechanics. The expression so ob-
tained does not appear to have been given in the literature
and is consistent with classical orbiting theory in the Newto-
nian limit. Further, the accuracy of the post-Newtonian Binet
equation is numerically verified by comparing secular vari-
ations of known expression with the full general relativistic
orbit equation.

Weinberg 1972). The field equations of GR are a sy
ten, non-linear, coupled partial differential equations
obtaining exact analytical solutions (Stephani et al. '
a notoriously formidable task. Notable solutions ar
by Schwarzschild (1916) and Kerr (1963) which
highly ideal gravitational systems for non-rotating,
cally symmetric and rotating, axially symmetric bla
respectfully.

As early as 1916, Einstein hypothesised (Einstei
1918) the existence of gravitational waves using :
field approximation (d’Inverno 1992; Misner et al
Weinberg 1972) of the field equations of gravity.
direct observation of gravitational waves was due to
alescence of a binary black hole system (Abbott et al
which was detected by the advanced laser interfe
gravitational-wave observatory collaboration (Abbc
2009; Harry 2010). More recently, a simultaneous ¢
tion of both gravitational waves (Abbott et al. 20
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Some background, relevant results & motivation

Academic background

A Applied mathematician (Dublin, Ireland).

A Completed honours year in General Relativity.

A Began PhD (University of South Australia) July 2016 and expect to finish esdlyuly 2019.

A Member of Research program 3 for Space Environment Research Centre, Canberra.

A Primary interests in relativistic mechanics in the pNswtonian approximation for general relativity.

Some published results relevant for talk
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Some background, relevant resul& motivation

UsingU/c?* <1 , the exponential functions can be expanded using Taylors series approximation and proc
known and well established results, namely

Both results can be seen agsoaimal extensionof the classical Newtonian conservation of energy to include PI
contributions.




Some background, relevant resul& motivation
Post NewtonianBinetS |j dz G A2y 6 h Q[ SI NE 3

Taylor series

— Full PN Binet equation.

Which orbit equation more closely resembile — Taylor Series PN Binet equation.
full non-linear GR?
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Gravity Field determination

Taken some inspiration from

A On the principles of satellitdbased Gravity Field Determination with special focus on the Satellite Laser
Ranging techniqueRorste, Kdnig, BruinsmalLemoine, Dahle, Reinquinand Flechtnejj (IWLR 2016)

A Gravity Field Analysis from the Satellite Missions CHAMP and G®IBEin K.Wermuth) (PhD thesidnstitut
fur Astronomischaind Physikalisch&eodasi¢

A Gravity: Newtonian, postNewtonian, RelativistiqPoisson & Will, 2014)
A Satellite Orbits: Models, Methods, Applicatior®ontenbruck Gill, 2012)
A International Centre for Global Earth Models (ICGEBarthelmes& Kohler 2016)

A Definition of the functionalsof the geopotential and their calculations from spherical harmonic models
(Barthelmes 2013)

A CHAMP gravity field recovery with energy balance approach: First re§Gleslach SneeuwVisserSvehla
2003)
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Gravity Field determinatiorg Potential theory
Two methods used for decomposition of the Earth gravitational potential given by:

A Spherical harmonic expansion.
A Symmetric tracdree tensors (not as common in classical literature. However, useful mathematical tool).

Spherical Harmonic decomposition
Newtonian gravitational potential for arbitrary mass distribution

/
U:G/ p(r) dgrl
v —r'|

Legendre polynomial generating function given by

1
v — 1|

—— — — — =

= [rz—Q(r-r')+(T’) ]_1/22—2( ) Py (cos )

Introducing spherical polar coordinates and making use of the addition and Rodrigues formulae. We ex|
the potential in well known form according to

( ) Piy (30 8) [Cirm Jos (m) f Spbin (m))




Gravity Field determinatiorg Potential theory

Represents an Earth gravity field model of maximum degree . The accuracy depends on the determinatiot
the spherical harmonic coefficients highlighted in red.

Examples of different kinds of spherical harmonics
Zonal Tesseral Sectorial
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